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ANALYSIS OF TURBULENT FLOW AND HEAT TRANSFER ON A FLAT PLATE
AT HIGH MACH NUMBERS WITH VARIABLE FLUID PROPERTIES

By R. G. Drisster and A, L. LoerrLer, Jr.

SUMMARY

A previous analysis of turbulent heat transfer and
Jow with variable fluid properties in smooth passages
ws extended to flow over a flat plate at high Mach
numbers.  Velocity and temperature distributions
are caleulated for a boundary layer in which the
effects of both frictional heating and external heat
transfer are appreciable.  The viscosity and thermal
conductivity are assumed to rary as a power of the
temperature, while the Prandtl number and specific
heat are taken as constant. Skin-friction and heat-
transfer coefficients are calculated and compared
with the incompressible values. The relation be-
tween boundary-layer thickness and distance along
the plate is obtained for various Mach nwmbers.
The analytical results are compared with, representa-
tive experimental data.

INTRODUCTION

The current importance of high-speed flight has
caused much interest in research on compressible
boundary layers. The skin friction in high Mach
number flight constitutes a large part of the total
drag. Therefore, the aecurate prediction of skin
friction is desirable for the design of high-speed
aireraft.  Prediction of heat-transfer coeflicients
in high Mach number flow is also important,
because frictional heating of the surface necossi-
tates cooling to prevent structural failures.

The prediction of laminar boundary layers
from the basic equations of momentum, energy,
and continuity has reached a high state of develop-
ment. A considerable amount of analytical work
on turbulent boundary layers has also been carried
out. In the turbulent case, however, the results

of the various analyses disagree markedly because
of the different assumptions made by the various
authors. These analyses are reviewed in refer-
ences 1 to 3. The introduction of assumptions
into the treatment of turbulent boundary layers
is at present unavoidable, since solving the prob-
lem from the instantancous equations of momen-
tum, energy, and continuity alone is not yet
possible.  In some respects, however, the model
used for solving the problem might be improved.
In nearly all the analyses, the flow is divided into
a laminar region, where turbulence is supposed to
be absent, and a fully turbulent region.  The
effecet of variation of fluid properties on the laminar
region is generally negleeted.  Measurements of
turbulent velocity profiles indicate that consider-
able turbulent shear exists within the so-called
laminar layer (ref. 4), so that a more realistic
model for the region close to the wall than that
used in previous analyvses is desirable.

A somewhat improved treatment of the region
close to the wall is given in references 4 to 6,
where the effeets of turbulence and of variable
fluid propertics in this region are considered. In
the region away from the wall the von Kirmén
similarity expression has been considered the most
reasonable expression available (ref. 7). In ref-
erence 8, fully developed turbulent flow and heat
transfer in smooth passages for air with variable
properties are analyzed, and the results agree well
with experimental data. The analysis is extended
to the entrance regions of passages and to high
Prandtl numbers in references 9 and 10, where
good agreement with experiment is again obtained.
Since the analyses apply well to entrance regions,

! Supersedes NACA Technical Note 4262 by R. @, Delssler and A. L. Loefller, Jr., 1958,
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the assumptions made in the analyses should
apply also to a compressible boundary layer.
The analysis is extended to flow and heat transfer
in a boundary layer at high Mach numbers in this
paper. (Some preliminary results were presented
in ref. 11.)  The variation of properties due both
to frictional heating and to external heat transfer
is considered. The viscosity and thermal con-
ductivity are assumed to vary as a power of the
temperature, while the Prandtl number and
specific heat are taken as constant.

SYMBOLS

A constant

a ratio of diffusivities, e/e

B constant

C constant

a, friction coeflicient, 27,/psu}

¢y specific heat of fluid at constant pres-
sure

D constant

d exponent. for viscosity variation with
temperature, taken as 0.68 for air

Y constant

I enthalpy

h heat-transfor coefficient, qu/(fe—tuw)

k thermal conduetivity

M Mach number based on free-steeam
properties and veloeity, sl v R

n constant, 0.109

Pr Prandt]l number, ¢, u/k

q energy transfer in y-direction per unit
time per unit arca (as defined by eq.
(A1)

R perfect gas constant

Re, Rexnolds number based on z, susps/

Reg Reyvnolds number based on 8, usps/us

St Stanton number, kfe usps

T total temperature, ¢+ (u?/2¢,), deg abs

T+ total-temperature parameter,
(te=Teyre_1=(T]te)

(Iw\"(Tw/Pw B

t stalic teinperature, deg abs

tr temperature parameter,
(LS e U12°)
qw\"‘lfw/Pw B

2 temperature parameter,
Q(fw—t)(‘ppw__l—(t/tw)
T e«

u velocity in z-direction
ut velocity parameter, I Tl P
» velocity in y-direction
r longitudinal distance along plate
i distance perpendicular from plate
yt wall distance parameter, YNTulPu
uw/Pw
yi lowest value of ¥t for which equation
for region away from wall applies
a frictional-heating parameter, 7,/2¢,t wpw
B heat-transfer parameter, QN TulPu
CplwTuw
v ratio of specific heats, taken as 1.400
for air
] flow boundary-layer thickness
8t flow boundary-layer-thickness param-
oter, ‘l‘i'f./&ﬂ
Ml P
o thermal boundary-layer thickness
8F thermal boundary-layer-thickness pa-
rameter, o TP
! ,uu'/Pu‘
€ eddy diffusivity of momentum
€ eddy diffusivity of heat
7 temperature-recovery factor, —t“;":_—[é
) uif2e,
6 momentum thickness,
[6 LR l——?-t) dy
Jo ps Us Us,
U momentum-thickness parameter,
/“‘u‘/ w
K constant, 0.36
u viscosity
o density
T shear stress, foree per unit area
Sul seripts:
aw pertaining to adiabatic wall conditions
i incompressible; constant fluid proper-
ties
w pertaining to wall
b pertaining to edge of boundary layver
or free stream
1 pertaining to cdge of wall layer
Superseripts:
* reference

! pertaining to fluctuations from time

average except in ¥
time-averaged value
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ANALYSIS AND DISCUSSION
BASIC EQUATIONS

The instantancous velocities, temperature, and
fluid properties in the equations of momentum,
energy, and continuity can be divided into mean
and fluctuating components. If time averages
are taken, the following equations for shear
stress and energy transfer, applicable to flow in
a boundary layer, are obtained (appendix A):

(lu wawi .
T=—u (—ITJ_ u'v (1)

- d¢ v du — o
g=—k d-y+pc"t o —up @—l— up 1’ 2)

where constant specific heat is assumed. The
bars denote time averages, and the primes indicate
fluctuating components. Equations (1) and (2)
are the same as cquations (A9) and (A14) in
appendix A if the bars over the time-averaged
velocities, temperatures, and properties are
dropped.  The various terms in equations (1)
and (2) may be interpreted as follows:

du
P molecular shear stress

dy

—p w’v" turbulent shear stress

¢ .
—k di molecular heat transfer
Y
peyt’v’  turbulent heat transfer

du
—up ~— molecular shear work
dy

up u'»" turbulent shear work

Equations (1) and (2) suggest the form of the
turbulent transfer equations but contain the un-
known quantities w’v’ and ¢, so that assumptions
must be made before solutions ean be obtained.
For making these assumptions it is convenient
to introduce the relations

_ lu s L
Wy =—e L and T = —¢, i
dy dy

where e and e are the eddy diffusivities for
momentum and heat transfer, the values of which
depend upon the amount and kind of turbulent
mixing at a point. When these relations are
introduced, equations (1) and (2) become

. du .
r={(utpe) W (3)
d¢ . du
q=—(k+pcye) (*h*/—'?l(#-}‘/)f) @‘ (4)

The physical significance of ¢ and ¢, lies in the
fact that e/(u/p) is the ratio of turbulent to molec-
ular shear stress (vef. 12), and e/(k/pe,) is the
ratio of turbulent to molecular heat transfer.
Equations (3) and (4) can be written in dimension-
less form as
+
T (kP € )(1?/ )

Te \Mo @ Puiulpe/ dy™

and

g _(k 1 P € )(h""

q. dy*

= -— —— —— —
o Nkw!rw pu Mufpu

o (Hp _f,_)d_"i 6)
ﬁ MKy P #w/pu‘. d’_’/+ i

The subscripts w refer to values at y=0; that is,
at the wall. The quantity « is a frictional-
heating parameter that is an indication of the
variation of properties due to frictional heating,
and 8 1s a heat-flux parameter that is an indication
of the variation of properties due to heat transfer,
The parameter a is always positive or zero, a
value of zero characterizing low-speed flow (e,
M;=0). A zero value of 8 refers to a vanishingly
small heat transfer or an insulated plate. A
positive value of 8 indicates heating of the fluid,
while negative 8 means that the fluid is being
cooled. It is sometimes convenient (o write
equation (6) in the following alternative dimen-
sionless form:

6(1:'7/67 1 »p € )dff"

s PO 0N S/ S - -
[S/ kw [)I'H; P ﬂw/(pwr d_’/+

— 2t ('u P € Eh,l*: (7)
Bo ' Puku/pe/ dyt
This equation is particularly convenient when
B8=0, for which case equation (6) becomes indeter-
minate.

EXPRESSIONS FOR EDDY DIFFUSIVITY

In order to make practical use of equations (5)
to (7), the eddy diffusivity ¢ must be evaluated
for each portion of the flow. For this purpose the
boundary layer is divided into two portions termed
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the “region away from the wall” and the “region
close to the wall.”

Region away from wall—In the region away
from the wall, it is assumed that the turbulence
at a point is a function mainly of local conditions—
that is, of the relative velocities in the vicinity of
the point (ref. 13). This is probably not a good
assumption in the region near the edge of the
boundary laver, where considerable diffusion of
the turbulence oceurs (ref. 14) and, in addition,
the turbulence is intermittent.  However, in that
outer region the velocity or temperature gradients
are so small with respeet to these gradients nearer
the wall that the error in calculated velocities or
temperatures should not be large. A Taylor series
expansion for u as a function of transverse dis-
tance, then, indicates that e is a function of
du/dy, dPufdy?, Cujdyp, and so forth. I, as a
first approximation, e is considered as a function
only of the first and second derivatives, and dimen-
sional analysis is applied,

5*}4)3

 fdu dwy , \dy

ety O
dy?

This expression was obtained by von Karmin and
is generally known as the Karméan similarity
hypothesis (ref. 7). The constant k is to be deter-
mined experimentally.

Region close to wall.—In the region close to the
wall it is assumed that e is a function only of
quantities measured relative to the wall— that is
of v and .2 This assumption includes, to a first
approximation, an cffect of the derivative du/dy.
Since the flow becomes very nearly laminar as the
wall is approached, the first derivative approaches
the value u/y and hence may be omitted, since u
and y already appear in the functional relation.
By using dimensional analysis,

e==¢(u,y) =n*uy 9

where 1 is an experimental constant.

Jquations (8) and (9) can be considered as
reasonable first approximations for e, Whether
these approximations are adequate or not can at
present be determined only by experiment.

* Reference 10 shows that the kinematic viscosity has an effect on € in the
region very close to the wall,  However, that effect becomes important only

for heat or mass transfer at Prandtl or Schmidt numbers appreciably greater
than 1.

De:ermination of experimental constants.—The
constants n and k were determined from pipe data
in which the properties were essentially constant.
Equation (5), with equation (8) or (9), was inte-
grated (constant properties and r) for the regions
close to and away from the wall in reference 4.
The molecular shear stress was neglected in the
region away from the wall, and the well-known
Karman-Prandtl logarithmic equation was ob-
tained in that region. In matching the two
solutions it was assumed that the velocity is con-
tinucus at the junction of the two regions.

The integrated equations (ref. 4) for the regions
close to and away from the wall are plotted in
figure 1 with the constants n=0.109 and x=0.36
determined from pipe data (refs. 4 and 14). The
data indicate that the equation for the region close
to the wall applies for y*<26, and the equation
for the region away from the wall applies for
y>26. Included in the plot are data for a low-
speed boundary layer with zero pressure gradient
from reference 15, The agreement with the curve
is satisfactory.

The values for the constants n=0.109 and
k=0.36 should apply to flow with variable as well
as constant properties if the basic assumptions
mad: for e in the preceding sections apply to
variuble properties; that is, if e=e(u,y) close to
the wall and e=e(du/dy, dfu/dy?) away from the
wall  The constant y%, however, requires fur-
ther consideration and is discussed in the next
section.

ADDITIONAL ASSUMPTIONS

Ir addition to the assumptions for eddy diffu-
sivity discussed in the preceding section, several
additional assumptions must be made for solving
equations (5) to (7).

Variation of properties with temperature.—For
gascs, the viscosity varies approximately as ¢,
where o has an average value of 0.68 for tempera-
tures between 0° and 2000° F. The Prandtl
number (Pr=0.73) and specific heat ¢, are as-
sumed econstant, because their variations with
temoerature are of a lower order of magnitude than
the variations of the other properties. 1f ¢, and
Praadtl number are counsidered constant, the
thermal conductivity & will vary with temperature
in the same way as the viscosity, or as ¢Y. For
constant pressure across the boundary layer, the
density p is inversely proportional to ¢.
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Fravre 1.—Gencralized computed velocity distribution for constant-property turbulent flow (ref. 4) with constants in
equations determined from pipe data compared with data for low-speed boundary-layer flow on a flat plate.

With the preceding assumptions, the property
ratios in equations (5) to (7) can be written as

k ¢ d t 0.68
L= () =) o
1
P o
From the definitions of 8 and ¢+,
to gt
?;= —pt (12)

or, if equation (7) rather than equation (6) is used,

—t—zl—at‘u

13

i (13)
The property ratios in equations (5) to (7) can
therefore be written in terms of 8 and ¢+ or a and
.

Variations of 7 and ¢ across boundary layer.—
The momentum equation (A7) indicates that, for
a flat  plate (zero  pressure  gradient),
dr/dy=d(udu/dy)/dy=0 at the wall. Since 7 is
zero at the edge of the boundary layer, the actual
variation of 7 across the boundary layer might be

expected, In general, to lic between a linear varia-
tion (r/r,=1—(y/8)) and r/r,=1. Data on low-
speed isothermal flow over a flat plate (ref. 15)
show that this type of variation does exist, except
in a narrow region near the edge of the boundary
layer. For determining the sensitivity of the
velocity or temperature profile to shear-stress
variation, it should therefore be suflicient to com-
pare the profiles for a constant and for a linearly
varving shear stress. Appendix B shows that
7/70=14/q. for a flat plate if the Prandtl numberis 1.

Figure 2 shows u* or T't plotted against y* for
a Prandt]l number of 1 for both a constant and a
linearly varying shear stress and energy transfer,
where T+ is the total-temperature parameter.
Curves are shown for =0 and «=0, 0.003, and
0.008, which cover much of the range of Mach
number and Reynolds number of interest. The
equations for calculating the curves are given in
appendix D. The equation for the region away
from the wall was taken to apply for y*>30
rather than >26 when the shear stress was
variable, in order to give better agreement with the
data for constant properties. The curve for
a=10.008 is cut off at the point shown because the
Mach number becomes infinite, as can be seen
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Frarre 2—Predicted effect of variation of shear stress and energy transfer across boundary layer on veloeity and tem-
perature distributions.  Prandtl number, 1 heat-flux parameter 8, 0.
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Fiaure 3.---Effeet of various assumptions for variation of y{ on generalized velocity or temperature distribution.  Prandtl
number, 1; heat-flux paran:eter 8, 0.
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from equation (D3) (for aut?=1). The curves
indicate that variable shear stress and energy trans-
fer have but a slight effect on the velocity and
temperature profiles. Similar curves were ob-
tained in figure 11 of reference 6 for 80 and a=0.
The same conclusions should apply to Prandtl
numbers differing slightly from 1, so that the
cffects of the variations of 7 and ¢ across the
boundary layer are neglected for solving equations
(5) to (7).

Ranges of applicability of equations for flow
close to and away from wall.—It was determined
from the data for constant properties that the
lowest value of y* for which the equation for the
region away {rom the wall applies is y{ =26 when
the variation of shear stress with ¥ is neglected
and the molecular shear stress is negleeted in the
region away from the wall. The question arises
as to how y{ varies when the propertics are vari-
able. The simplest assumption is that y{ is
constant and equal to 26.  This assumption, which
implies that the wall properties govern the thick-
ness of the wall laver (yf =yn'rulow/ (pelpw)), is
similar to von Karman’s assumption (ref. 16).
Figure 12 of reference 6 shows that essentially the
same curves are obtained when the molecular
shear stress is neglected in the region away from
the wall as when it is considered, the difference
being that, when the molecular shear stress is
included, »{ has the constant value of 16 rather
than 26.

Aunother assumption, which might be somewhat
more reasonable than assuming ¥/ constant, is
that »{ occurs at a given constant ratio of turbu-
lent to molecular shear stress e/(u/p). That is,
the turbulence changes from that described by
equation (9) to that deseribed by equation (8)
when the ratio of twrbulent to molecular shear
stress reaches a certain value. In this case the
more complete equations are used for the region
away from the wall, in which the molecular shear-
stress and heat-transfer terms are retained and
the slopes of the equations for flow close to and
away from the wall are matehed at v (=16
for 3=a=-0).

In figure 3, u* or T is plotted against y* for a
Prandtl number of 1 using the two assumptions
for yf discussed in the preceding paragraphs.
Curves are shown for 8==0 and =0, 0.003, and
0.008.  The equations for calculating the curves
are given in appendix €. The curves indicate

JER3LS- 60 - 2

that the velocity and temperature profiles are
apparently insensitive to the assumption used
for 7. Similar results were obtained in figure
13 of reference 6 for 80 and a=0. The simpler
procedure of neglecting the molecular shear stress
and heat transfer in the region away from the
wall and assuming y{ =constant=26 is therefore
adopled in the following calculations.

Ratio of eddy diffusivities for heat and momen-
tum transfer.—In most analyses the ratio of eddy
diffusivitics @ that oceurs in equations (6) and
(7) is set equal to 1; that assumption has given
heat-transfer coeflicients in good agreement with
experiment (ref. 8). Itis of interest that Prandtl’s
mixing-length theory, which assumes that a
turbulent particle moves a given distance and
then suddenly mixes with the fluid and transfers
its heat and momentum, gives a value of a=1.
Although the actual turbulence mechanism may
be more complicated than indicated by that
theory, it does indicate that a value of @ on the
order of 1 1s not unreasonable.

In the present analysis the assumption of
@=1 Is retained, but in some cases the caleula-
tions arc also carried out for a=1.07 in order to
determine the effeet of varving a. A ratio of
diffusivities of 1.07 was obtained from some pre-
liminary experiments on  recovery factors for
fully developed flow in a tube.

VELOCITY AND TEMPERATURE DISTRIBUTIONS IN
BOUNDARY LAYERS
For obtaining velocity and temperature dis-
tributions close to the wall, equations (9) to (13)
are substituted into equations (5) to (7). Kqua-
tions (5) and (6) become, in integral form, with
T/Te=q/q.=1,

»yt +
wh= J Y e (4
— - ntutyt

yt 1+2% u*) dy™
t+:J' B (15)
o (LBt e

R

Equations (14) and (15) can be solved simul-
tancously by iteration; that is, assumed relations
between ut and yt and ¢ and y* are substituted
into the right sides of the equations, and new
values of 4t and #* are caleculated by numerical
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integration. These new values are then sub-
stituted into the right sides of the equations and
the process is repeated until the values of 4™ and
¢t do not change appreciably. Kquations (14)
and (15) give the relations among »*, ¢+, and y*
for various values of « and 3 for flow close to the
wall (y7<(26). For 8=0 and a0, t* becomes

infinite, so that equations (5) and (7) must be
used. These equations, with equation (13),
become
vyt +
wt— J dy ; (16)
0 2yt
(1—at+')d+ﬁ£+, n*u y+
S (6+9u+ dy™*
= (17

(l—af"" 1
! —at® nPutyt

stress and molecular heat transfer are
Dividing equation (6) by equation
QJQw*]

shear
noglw ted.
(5) gives, with 7/r,=

+
L 7(“7_
1+“6u  dut

Integrating equation (18) from yi to y* gives

(18)

ut  uf a
d_gpr 2 2 e T 42
t _t1+a +Bau 5a u{ (19)
From equations (11), (12), and (19),
p 1
P _ - (20)
T
P 1 B[ ‘ 6“1 ‘ +2 Bu 37l‘+2

Substitution of equations (8) and (20) into (5) and
one integration give, for the region away from
the well,

fquations (16) and (17) are solved similarly to B . 2ot +§
equations (14) and (15). K dut  yan = VB Ha (o aﬁ,++ﬁu++,,u+) 01
In the region away from the wall, the molecular Syt @1)
RN 1 DO I N
o Reference 17 T ' J f
30 (x=0.00176, S T T — o 4
B=0, Mg =2.82) | ; 809
I R b %00
P ‘ o'
i ! ! ¢ A
25— R R e
| ‘ F 9
3 . A
520 ‘ St
o e
5 - - AT
2 | —
> Ll
g° | -5
o S| @
;’ L ! i i by
10 i i L
1 ; l— - I
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L R + — - ‘ l - . Af,f,,,f -4
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}’+

(a) Veloeity distribut on.

Frauvke 1

Predicted generalized veloeity and temperature distributions for air with heat transfer and frictional heating.

Prandtl number, 0.73.
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By letting
[ Zaut 4+ :' ©22)
\'ch B +dala—aBty +Buf +aui?) |

and integrating cquation (21),

K,e* fata ‘ala . \aja ~
=" cos YV o o/ sin ¥ fa 2 H-IK (23)
K K K

The constant K is evaluated in the usual w ay
by letting dut/dy*=w at y*=0 in equation (21)
(ref. 7) and substituting (21) into (22) and (23)
at y*=02 By using this procedure, K=0. To
determine K, set ut=wuj when yt=y;. Then,

s (52t an ()]

= oYY

e )

* This assumption can be avoided by including the molecular shear stress
and heat transfer in the region away from thv wall and evaluating K by
assuming a continuous velocity derivative at 1/, (fig. 12, rel. 6), "This assump-

where z is given by equation (22) and z is the
value of 2z at yf=26. KEquations (22) and (24)
give the relation between uw* and y+ for various
values of @ and 8. The quantity ¢+ can then be
calculated from equation (19).

For g=0 and a0, t* becomes infinite, and
t""=(B/a)t™ must be used. Equation (19) be-
comes, in terms of ¢/,

wt? ate o
t*’:l'i’—gqﬁ—v' +~B—— ut4—- {25)
o a aa a

Equations (22) and (24) apply to the case for
B=0 and a0 if atf’ is substituted for Bt; in
equation (22).

For a=0, equation (23) becomes indeterminate,
and equation (21) for zero frictional heating from
reference 6 can be used.

Typical velocity and temperature distributions
for various values of the frictional-heating param-
eter a and of the heat-flux parameter 8 are
presented in figures 4 and 5. Positive values of

tion gives essentially the same results as that made in the text. 8 (‘O['I'(‘SpO]](l to heat addition to the ﬂil'; n(\g&tive
35¢ ! - h N A T T1 N - REE T T 1 1777
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(by Total-temperature distribution.

Fraure 4.—Coneluded.

frictional heating.

Predicted generalized veloeity and temperature distributions for air with heat transfer and
Prandtl number, 0.73.
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to wut

heat extraction. The curves of
against ¥+ (fig. 4(a)) indicate considerable flat-
tening of the velocity profile as either o or g8
increases  positively.  This caused by the
decreasing temperatures in the outer regions of
the boundary laver compared with the wall
temperature when either the Mach number is
high (high «) or the heat transfer from the surface
to the air is high. Thus, the density is higher
in the outer regions of the boundary layer, with
consequent flattening of the profile (eq. (5)).
Negative values of 8 produce the opposite effect.
For ceriain combinations of a and g (with g
negative), the effect of 8 on the curves should
tend to cancel the effect of a, and the resulting
profile should not differ greatly from the a=g=0
curve. The ecurve for a=0.002, 8=—0.05 n
figure 4(a) is close to the curve for a=g=0.
Included in figure 4(a) for comparison are experi-
mental data from reference 17 for an « of 0.00176,
3=0, and a correspouding Mach number Af; of
2.82. The data are in reasonable agreement with
the predicted profiles.

values,

1

Prandil number, 0.73.

In figure 4(b), T+ is plotted against y* for
various values of aand 8. The total-temperature
parameter T+ is plotted rather than t*, because
the trends are somewhat more consistent, although
some crossing over of the curves occurs even
with 7%, Tor ecaleulation purposes, a better
representation can be obtained by plotting T+
against «t.  The quantity 7% is related to ¢ by
the relation

T+r:t+-—c—' u+2 (26)
B
SKIN-FRICTION COEFFICIENTS
The skin-friction coefficient is defined as
2T
(= """ (27)
pslU

where the subseript 8 refers to values outside the

boundary layer. Equation (27) becomes, in
dimensionless form,
D) « 47 +
(Vf:l’?”, _‘2 :2,!,1_.0"5 ,):2,(1,#&6 ) (28)
s u‘;z u? ubrz

For rcomparison with experimental data, it is
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convenient to introduce the momentum thickness,

*5
0EJ LA 1—l>dy (29)

o PsUs Us

which in dimensionless form is

& 1 ut ut
+— (1 — +7/ — e ] + :
0+ = (1—at] xﬁ 1__aﬁ_,u;( ug)dy (30)

Then the Revnolds number based on the momen-
tum thickness and free-stream properties is

Reg="14095 gy B P2 (31)
122 M5 P

where the property ratios are obtained from
equations (10) to (13). The Mach number for a

perfect gas is
, Us Q0
Mo ey 2
M=, ub\ﬂv—JHMNw

If values are given to o, 8, and &%, where 6% is

(32)

the value of y* at the edge of the flow boundary
layer, then values of v, 7, and so forth can be
read from curves similar to those in figures 4 and
5. Values of (', Res, and M; can then be ealcu-
lated from equations (28), (31), and (32). This
procedure assumes that the thermal and flow
boundary layers are of equal thickness. From
the calculations in a later section, where relations
between boundary-layer thickness and distance
along the plate are caleulated, it can be shown
that this is a good assumption for gases when the
thermal and flow boundary layers begin at the
same point. For the case of Pr=a=1 the assump-
tion holds exactly, as can he seen by substituting
wt=T% into equations (42) and (43), which are
then identical.

Predicted skin-friction coeflicients are plotted
against eg in figure 6(a) for various wvalues of

IO‘Z T T T T T 77TT7 l 1 4 T - T 1
I _ Free-stream Mach number, 177 TTTT Y ] T 1 ]
I SR 5 . Lo I )
I . L ; - ! e
0 : i
I ‘ \
2. I ' g
- SR, a5y ‘
. \\%
| B} 5 ;i . : i
& ‘ 6 u ;
. 8 3
3 1073 10
e 2 H
2 | e -
© L _ L 4 16
S . 20 ——
7z [ Free-stream Reference | N
Mach number, l \\\ —
I MS ,,
D 4,93 23
o 4.53 2
° 3.70 2
a & 3.05 24 i i
04— o 2.82 17 i , !
— 2.80 25 ; I A =
¢ 2.58 2 I - -
a] 2.50 i '
— o 2.46 26 - T
— o 0] 27 -
| O N N N (o)
102 103 Ton 10°

Momentum -thickness Reynolds number, f?eg

(a) Insulated plate; heat-flux parameter 8, 0.

Fiagure 6.—Variation of predicted skin-friction eoecfficient with momentum-thickness Reynolds nuinber and Mach number

and comparison with experiment.

Prandil number, 0.73.
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Mach msulated plate (3 0).
These curves are for e,'e—a- 1. The effect on the
curves of changing a to 1.07 wax negligible.  The
values  of €7, decrease cousiderably  as Mach
number Included in the plot are
experimental data of a number of investigators
for Mach numbers up to .93, In general, the
data are in good agreement with the predieted
curves,

The ratio of the friction coeflicient
compressible coefficient is plotted against Mach
number for various values of Reg for 3=0 in figure
7). The values of €7,/(7;; decrease with Fleg,but
at a decreasing rate. For comparison purposes
the analytical cueve of /€, ; against M; for a
value of Reg of 6000 is plotted in figure 7(b)
together with data taken near this value of e,

1f heat transfer occurs between the plate and
the stream, it is convenient to specify the ratio of
the actual wall temperature to the adiabatic wall
temperature for a given Mach number and Re,.

number for an

INCTeases.,

to the in-

Variation of predicted skin-friction coeflicien with momentume-thickness Revnolds number and

Prandtl number, 0.73.

Ifor an insulated plate the adiabatic wall temper-
ature 11y be written as

w3
tow—tatn

Id

(33a)

where 7 is the temperature-recovery factor, the
caleulation of which 1s discussed in the next
secetion, Kquation (332) ean be written in dimen-
sionless form as

~

wo_ 1 SN
faw 1= Bty -+ ? (33h)

Figure 6(b) is similar to figure 6(a), except that
the pl: te is now cooled (f.t..=0.5). The trends
are sitnilar to those of figure 6(a), but all the
curves are displaced upward,  This increase in
friction: coeflicient was also obtained for flow in a
tube with cooling (ref. 5). Also included n this
figure are wind-tunnel data (ref. 18) obtained at
high Mach number using nitrogen as the working
fluid. The agreement with theory appears to be
within experimental error.



ANALYSIS OF TURBULENT FLOW AND HEAT TRANSFER ON FLAT PLATE AT HIGH MACH NUMBERS

13

e - J— -4 .18 -
e |
. I o ~ " IMomentum-thickness
Reynolds number
1.0 - l g AR \ y feo 'y
l N 8
.8 —— —
| ~Reference
B - temperoture5 B N \7‘
= g oy
> for e 5= 10 Reference temperature | - \\
N ! ; for Reg= 10%---—~ :
S ;
.4 . 1 B
2t - - t DT L S
4 0 B 5 i
\":\‘ B /£ ‘: f/ 0
i | ————
0 2 4 6 8 10 12 14 16 18 20

Free-stream Moach number, My

(a) Various values of momentum-thickness Reynolds number;: insulated plate: heat-flux parameter 8, 0.

Fravre 7.—Variation of (%4 ; with Mach number and comparison with experiment.

Figure 7(¢) is similar to ficure 7(a) but is for o
value of 0.5 for t,/1,.. 11 is of interest to note from
both figures 7(a) and (¢) that the pereentage effect
of varving Reynolds number is much greater for
the higher Mach numbers. Thus, figure 7() in-
dicates that for a Mach number of 20 the value of
C,jCy 5 for e of 10% 1s less than half that for Re,
of 10°.
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(b) Momentum-thickness Reynolds number, 6000; insu-
lated plate; heat-flux parameter 8, 0.

Firoure 7.—Continued.
number and
number, 0.73.

Variation of Cy/(";; with Mach

comparison  with experiment. Prandtl

Prandtl number, (1.73.

REFERENCE TEMPERATURES AND EXTENSION OF RESULTS
TO GREATER COOLING RATES
The defining equation for reference temperature
18

t*:: rS’{ ) (Y([11'7f6)+ ])(:fllll‘i {u')

(34a)

where Cand D are constants to be evaluated from
theoretical or experimental results.  Dividing
equation (34a) by f; and assuming that the re-
covery factor is constant at 0.88 and that y==1.40
result in a more useful form of the equation:

—f—i:(l—(')—}-[(('ﬁl)) —f-’i+l):l (1--0.176.113)
ts ’ tow

According to the concept of reference tempera-
ture, the relation between incompressible friction
factor and Reynolds number should hold for
variable-property flow if the properties are evalu-
ated at the reference temperature.  The results of
this analysis could not be represented accurately in
such a manner. It was necessary to write the
mcompressible relation in the form

, E

‘f,i=]{eg.0744
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where £71s a constant. 1t should be noted that
this is not the true incompressible relation and is
used only for reference temperature purposes. I
the properties are evaluated at the reference
temperature, the result is

)-0.575

r i
- ll'("é [IrEY] ,a,
Dividing this equation by the previous one gives
(" f*)—O.QT.’)
€7 (fa,
For Rey of 10°, evaluating the constants Cand 1)
in the reference temperature equation from the
results in figures 7(a) and (¢) and cquation (34b)

gives ('=0.56 and D)==0.184. The reference tem-
perature can then be written

t
6 -
{u!l‘

«

(34h)

iy

. ,
%:0.444—(().,,, +O.184> (14+0.176 MY (34¢)
&

Variation of C¢/Cr; with Mach number and comparisen with experiment.

Prandt] number, 0.73.

The rosults of the use of equations (34b) and (34¢)
are shown as dashed lines in figures 7(a) and (¢).
Thus, by use of ecquations (34b) and (34c¢) it
should bhe possible to extend the results of this
analysis to values of ¢,/t,, other than 1.0 and 0.5
if the value of feg is near 10°,

An estimate for lower Revnolds numbers may
be ob ained by first using the preceding method to
find t 1e friction factor at Reg=:10" and then finding
the ratios of friction factor at the desired Revnolds
numbor to that at Reg==10° from figures 7(a) and
(¢). These ratios can then be interpolated or ex-
trapo.ated to the desired value of ¢,/ This pro-
cedur »can be Justified, since the ratio does not vary
greatly with t,/t,.

STANTON NUMBERS AND RECOVERY FACTORS

The Stanton number based on the difference be-
tween the wall and the adiabatic wall temperature,
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with properties evaluated at the frec-stream tem-
perature, is given by
15
1—-2
e h 1 f o

gt ———— (35)
CoMUsps

Ps ts
tiuf = 1—-—"—naui?

Puw w0
where equation (33a) is used. The temperature
and density ratios are determined from equations
(11) and (12) or (13). For 3=0 and a0, cquation
(35) becomes indeterminate. For that case set

1—(ti/te)y=cty’ and t; =(a/8)t;’. With these
substitutions equation (35) becomes
B ,
Sp=—eo P 36
atty (pyfoe) (15 —nui?) (36)
From equations (7) and (5) (g/qu=1/r.=1),
£h ’79 '5+,,,W Li
e kT e e
0 kw )’Iw Puw ‘“u‘//Pu'
o+ 2ut dyt -
L I S R

S I N
0 kzr ])"m P Hvl‘/P w

The second integral in this equation can be re-
placed by (tf")5-,. But equation (33a) can be
written in dimensionless form as

nuTi=1(t1")s5-0 (38)

Substituting equations (37) and (38) into (36),
with the second integral in equation (37) replaced
by (1 Vg0, gives

St=— R
"g ‘26, (]?/ R
P ko1 p €

- a——
0 kll‘ [)r w p 1w l’l’l[/‘/p w

(39)

'5+

For evaluating equation (39) in the region close
to the wall, e/(pe/pe)=2*uty™. For the region
away from the wall, ¢ could be obtained from
cquation (8). However, it is more convenient to
obtain e from equation (3), which for the region
away from the wall becomes

pofo 1
pw.uu‘/pm_d"*»/(lyﬁ
Equation (39) can be used for 3=0 or 8#0. For
given values of 87, o, and 8, values of Stanton

number, Mach number, ¢,/t,... and Rey can be cal-

JH83IH—60 - 3

culated from equations (39), (32), (33b), (30), (31),
and (10) to (13).

Predicted Stanton numbers are plotted against
Rey for various Mach numbers for #,/f..=1 in
figure 8(a). The case of t,/t,,=1 is a limiting
case that can be approached as closely as desired
by making the heat flux small. When ¢,/t,,=1,
there is no cffect of variable properties due to
heat flux. The Stanton numbers in figure 8(a)
show trends similar to those of the friction coefli-
cients in figure 6(a). Included in the figure are
experimental data for low heat flux obtained by
a number of investigators. In general, the data
arc in good agreement with the predicted curves.*
The curves in figure 8(n) are for e, le=a=1.
Similar curves for an a of 1.07 were 3 to 5 percent
higher for a Mach number of 0, but the difference
decreased at higher Mach numbers.  The curves
for =1 are in slightly better agreement with the
data than those for a=1.07.

The ratio of Stanton number to the incompress-
ible Stanton number is plotted against Mach num-
ber for various values of Reg for t,/t,.=1 in figure
9(a). These curves are very nearly the same as
those for C;/C, ; in figure 7(a).

Figure 8(b) is similar to figure 8(a), except that
Leltie=0.5. As was the case for the friction
coeflicients in figure 6(b), the Stanton numbers
inerease as tyefty, decreases. The corresponding
plot of 8t/8t; against Mach number for various
values of Rep and #,/t,,=0.5 is shown in figure
ah).

Temperature-recovery factors, as calculated
from equation (38), are shown in figure 10 for
Mach numbers from 0 to 8. Clurves are shown for
a=1 and ¢=1.07. The curves for a=1.07 are in
somewhat better agreement with most of the
experimental data than those for a=1. This
does not mean that an a of 1.07 should be used
for calculating heat transfer or Stanton numbers.
According to Reichardt’s hypothesis, the value of
a should be close to 1 at the wall and inerease
with distance from the wall (ref. 12). The
temperature profiles for caleulating heat-transfer
coeflicients are veryv steep near the wall, so that
the important changes with distance take place
near the wall where @ is close to 1. In the case

4 In arecent work, Triss (ref. 34) extended the present analyxis to the case
of mass transfer for a Schmidt number of 2.5, The results were in very good
agreement with experimental data for sublimation mass transfer of naph-
thalene from a flat plate to air at Muach number from 0.5 to 3.5.
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of recovery factors, however, the plate is insulated,
so that the temperature gradient is zero at the
wall.  The gradients near the wall will therefore
be smaller than in the case of heat transfer, and
important changes of temperature with distance
might oceur m regions away from the wall where
a is somewhat greater than 1.

Figures 11(a) and (b) show the curves of the
Reyvnolds analogyv factor 28#/C, against Mach
number for various fles, for i,/i,, ecqual to 1.0
and 0.5, respectively.  1f Reynolds’ analogy held
strictly (Pr=a==1), the Stanton number would
be 0(111111 to one-half the friction factor and
285¢/C; would be unity.  Figure 11 shows a varia-
tion ()f the Reynolds analogyv factor over the range
1.065 to 1.280. In general, 28¢/C; increases with
increasing  Mach number and with  decreasing
Reynolds number and inercases  slightly with
decreasing t,./f,, at the higher Mach numbers.
These results are in approximate agreement with
those of Rubesin (ref. 19), who estimated that
28t/ would be in the range 1.18 to 1.21 at least
up to I; of 5.

To chtain approximate values of St as a function
of Rey and Af; for ¢,/t,, other than 1.0 and 0.5, it
is recommended that the results of figure 11 he
interpolated or extrapolated to give the value of
28t/C, at the desired condition. Then €, can
be found from equations (34b) and (34¢) as pre-
viously described, and thus the value of St is
obtain .

RELATION BETWEEN BOUNDARY-LAYER THICKNESS AND
DISTANCE ALONG PLATE

I'romn the results given in the preceding sections,
the skin friction or heat transfer for a given
bound wy-layer or momentum thickness can be
caleuls ted.  In order to caleulate the relations
between thermal or flow boundary-laver thickness
and distance along the plate, the well-known
integral momentum and energy equations may
be uscd. These equations may be written as

follow: for a flat plate (zero pressure gradient):
d [
o= JU (o (us—u)dy] (40)
d (o T
(=" [e o1 T— Tyidy] (41
dr J, :
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1f 6=6,=0 for =0 and equations (40) and (41)
are integrated with respeet to , they become, in
dimensionless form,

1
= I Pl l[’u"'~ I »p— wt (uy—utydyt J
Joo P Hs "5 Joo P

" (42)
la’(«‘I:JO Ty - . iy l:‘;: 7 J "P 'u{” (T,
—T*)tly":l (4:3)

where the bracket for the upper limit of integra-
tion refers to the value of the variable of integra-
tion at that point. These equations give the
relations between 67 and Re, and §; and Re,.
The property ratios are obtained from equations
(10) to (13).

Equation (42) can be written in the more
convenient form

e, le
1{e,=2J ‘»I([*,f‘-’ (44)
0 S/

The Reynolds number based on momentum
thickness Rep is plotted against R2e,, as found from
equation (44), for an insulated plate in figure 12(a).
The value of Rep decreases at a given Re, as the
Mach number inercases if the free-stream proper-
tics remain constant.  This is caused (eq. (44))
by the deerease of friction factor with increasing
Mach number (fig. 6()). Data included in
figure 12(a) agree reasonably well with  the
analvtical curves,

Figure 12(b) is similar to figure 12(a), except
that 7,./1,,—0.5. Forgiven values of ¢, and Mach
number the values of Rep are generally a little
higher for t,/t.. of 0.5 than for ¢,/t,, of 1. This
trend ean be understood from examination of
cquation (44), since (77 1s higher for #,./f, of 0.5
(fig. 6(b)) than for #,./f.,. of 1.0 (fig. 6(a)).

Predicted skin-friction coefficients for an insu-
lated plate are plotted against Re, in figure 13(a).
The trends with Mach number are similar to
those obtained when ) is plotted against Rey
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but are less pronounced, because the boundary-
layer thickness at a given = decreases with inereas-
ing Mach mumber.  Experimental data for low-
speed flow included in the figure are in good
agrecment with the predicted curve for a Mach
number of zero. Data for higher Mach numbers are
also in reasonable agreement with the predicted
curves but are somewhat more scattered than the
data in figure 6(), where (', is plotted against
Req. This scatter is apparently eaused by uncer-
tainty as to the point at which the boundary
layer actually starts in a supersonie flow.

In figure 14(a), the theoretical curves are re-
plotted as /', ; against Mach number for
various Revnolds numbers based on 2. The
effect on (/€ of varying Re, becomes appreciable
at high Mach numbers.

Stanton numbers for an insulated plate are
plotted against Re, for a Mach number of zero
in figure 15. Curves for higher Mach numbers

Prandtl number, 0.73.

and for ¢,/ of 0.5 involve conziderably more
caleulation and were not obtained.

Figures 13 and 14 are analogous  to
figures 13(a) and 14(a), respectively, except that
theyv are for ¢,/f.,. of 0.5. The friction factors, as
expeeted, are higher for the larger rates of cooling.

REFERENCE TEMPERATURE FOR Re. RESULTS

The customary use of a reference temperature
coneept that  the Reynolds number
dependence of Coand of St be the same for all
Mach numbers 2o that C//C,; and S#/Sf; should
not be functions of Revnolds number.  Examina-

requires

tion of the predicted curves of (70, and St/St,
agamst Mach number as shown in figures 7(a),
7(c), 9, and 14 shows, however, that ¢/, ; and
SHSt; are strong funetions of Revnolds number at
the higher Mach numbers.  Therefore, the present

theory cannot be represented aceurately by one
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reference temperature valid for all Reynolds
numbers.
For purposes of comparison, however, the

results obtained by using Kekert’s  suggested
reference  temperature  (ref. 3) shown in
figure 14. Agreement with the present theory
for fle,=10° i1s quite good. Use of Eckert's
reference temperature method (o solve for /(7 ;
is recommended, then, if large values of fle, (near
10%) are considered.  In order to solve for (7, the
value of (7, can be taken from the curve for
My=0in figure 13(a).  An approximation (within
5 pereent) to this case is

are

(=0.0202 Le, 0

In order to solve for values of (', at values of
tw/taw Other than 1.0 and 0.5 and for values of Re,
other than 10%, the same approximate procedure
as recommended for Res as the variable can be
employed. Tor this case, however, 1 sten f

figures 7(a) and (¢), figure 14 and Kckert’s refer-
ence temperature should be utilized.

To obtain an approximate relation between
Stanton number and e, the following procedure
is recommended: Find the value of fleg corre-
sponding to the specified e, by interpolation or
extrapolation of figure 12, From this value of
Reg tind the Revnolds analogy factor by similar
use of figure 11 for the specified values of 1./t
and Ms. This value of the Reyvnolds analogy
factor and the value of €, obtained as shown in
the previous paragraph are sufficient to solve for
the Stanton number for the specified conditions.

CLOSING REMARKS

No attempt has been made in this analysis to
include the effects of dissociation, shock waves,
radiation, slip flow, or induced pressure gradients.

A rough estimate of the effect of dissociation
may be inferred, as pointed out by Lekert (ref. 3),
from the theory of laminar boundary layers.
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Thus, both Crown (ref. 20) and Moore (ref. 21)
conclude that the effeet of dissociation on friction
factor and heat flux for the laminar boundary
layer will be small if the wall temperature is less
than the air dissociation temperature, which, even
at a pressure of 0.0001 atmosphere, is above
3000° . Their calculations were made for Mach
numbers up to 20. Where dissociation is appre-
ciable, it is recommended that the heat-transfer
cocfficients presented in this report be interpreted
as based on an enthalpy difference instead of a

temperature difference.  Thus,
. %q
h—Hw—— H,,

and

q
S = U= Heioms
where H is the enthalpy.

Although in practice there would be a shock
wave originating near the leading edge of the
flat plate for high Mach numbers, the effeet on
temperature and pressure distributions appears
too complicated to be taken into account. There-
fore, constancy of free-stream pressure and tem-
perature has been assumed.

The possibility of encountering slip flow at high
Mach number must also be considered.  Accord-
ing to KEckert (ref. 3), the assumption of a con-
tinuum is valid as long as the Knudsen number

/7’5Ma : ,
Vs is less than 0.01. To obtain a con-
0.499 Les
servative estimate for the range of conditions
considered in this report, values of M; and fe;
of 20 and 104, respectively, are used. For these

values the Knudsen number is 0.00298, which is
well below the eriterion for slip flow.

SUMMARY OF RESULTS

The following results were obtained from the
analysis of turbulent flow and heat transfer over
a flat plate at high Mach numbers:

1. The frictional heating that occurs at high
Mach numbers produced o flattening of the
velocity profile, as does heating the plate by other
means. Cooling the plate caused the velocity
gradients near the outer edge of the boundary
layer to increase.

2. The skin-friction coefficients and Stanton
numbers at a given Reynolds number decreased
as Mach number increased.

3. The curves for the ratio of friction coefficient
to the incompressible coeflicient against Mach
number agreed closely with the curves for the
ratio of Stanton number to incompressible Stanton
number against Mach number,

4. Cooling the plate to offset the effects of
frictional heating increased the friction coefficients
and Stanton numbers.

5. Frictional heating at high Mach numbers
produced a thinning of the boundary layer at a
given position on the plate for the same free-
stream properties.

6. The predicted friction cocfficients and Stan-
ton numbers agreed closely with representative
experimental data.

7. The Reynolds number effect on both friction
factor and Stanton number increases greatly with
increasing Mach number.

Lewrs ResparcH CENTER

NATIONAL ABRRONAUTICS AND SPACE ADMINISTRATION
('LEVELAND, OHuI0, January 17, 1958



APPENDIX A

DERIVATION OF TURBULENT MOMENTUM AND ENERGY EQUATIONS

MOMENTUM EQUATION

The momentum equation for compressible
boundary-layer flow past a flat plate can be written
as

bu ou
o T Sy 3?/< D?/> (A1)
and the continuity equation as
D(pu) 0 (pv)
"oy =0 (A2)

Time derviatives and  pressure gradients are
neglected in equations (A1) and (A2), as they drop
out when time averages are taken.

The instantaneous quantities in equation (A1)
are now replaced by their time averages and
fluctuating components, which are written as

u:ﬂ'%u, P:5+P’} (A:ﬁ)
v="+40 p=ptu’

and time averages are taken term by term. The
following order-of-magnitude criteria are used for
both the momentum and energy equations:

w' e, p'e’, ete.=0(8)
p'u'e’, plu' ete. = 0(8%?)
Double correlations containing £/ and u’ = 0(8)

The first five
boundary-layer
28

of these criteria are the usual
assumptions. The sixth results

from assuming that the laminar and turbulent
shear stresses are of the same order of magnitude.
The seventh is consistent with the sixth, since a
triple correlation should be roughly of the mag-
nitude of a double correlation raised to the 3/2
power The cighth appears justified since it might
be expected that k7 and u’ should be at least one-
half order of magnitude less than & and x.

With the preceding criteria, the time-averaged
momentum equation becomes, on neglecting terms
of magnitude & and less,

- Ou - ) ou b -
5 S @) Gae s (3 S0P ) (A9
and tl e continuity equation,
2651, 0GF) , 3G7T) _
our oy oy =0 (A5)
Considering the relation
po+p 0’ =p7 (A6)

equations (A4) and (A5) can be rewritten

—_— bu — 0% 9 bu -—— -
+Pl ay a? O_/ pu’ (‘IXI)

and
Otpu)+ pl' —0 (AS)

Comparison of equations (A1) and (A7) leads to
the delnition of 7 as
T— M a‘]/

—pu'v’ (A9)

ENERGY EQUATION

The energy equation for compressible boundary-
laver flow past a flat plate is

ot ot ou\?
Fucp a +pl(,P OJ OJ( Z})+/‘ (azj (‘&10)



ANALYSIS OF TURBULENT FLOW AND HEAT TRANSFER ON FLAT PLATE AT HIGH MACH NUMBERS 29

Time derivatives and pressure gradients are
again neglected, as time-averaging cancels them.
If the momentum equation (Al) is multiplied
through by = and then added to equation (A10),
the result is

Te} u? 0 u?
pU 5= <c,,f+7~)~)+pz; Y <c,,t+—2—

b ot ou
k— 31 “-u u—y) (A11)

where ¢, is considered constant.

Again substituting for the instantaneous quan-
tities the sum of the time-averaged and fluctuating
components, and then neglecting terms of small
order of magnitude on taking time averages,
equation (A11) becomes

-0 . — —— O - U2
pU S, (Cpf‘*‘?)"r(lw‘)rp’l") oy ("DH-?

0 - 07

S T — S ueT A12
a'/ ay—{—u oy —pC, 07— pUUT Y ) (A12)

Again employing equation (A6), equation (A12)
becomes

72 (e R 3 )40 ay(c,,t+

o] __ 0u
BETAGE y+#u
A comparison of equations (A11) and (A13) leads
to the definition of ¢ as

u?

——-pc,,v'z'—puu'v'> (A13)

—— O
q—-—( ay—i—y X—pc,,z*/t'—,;uu/vf) (A1d)

It should be noted that this treatment gives
no density fluctuation terms in the expressions
for = and ¢q. This same result was found by
Van Driest (rof 22) and by Rubesin (ref. 19).
Combining p 0 with pr and writing the sum as
pv present no difficulty, because, in a complete
solution, pr could be eliminated from the momen-
tum and energy equations by the equation of
continuity. An assumption for ¢’ would be
necessary only if it were desired to caleulate 7.



APPENDIX B

PROOF THAT -I =

Tu

In terms of eddy diffusivities, the momentium
and energy equations may be written as follows:

-— QU , — Ju ou :
U5 tpT oy bj[wﬂe) (B1)
-0 U — 0/ o Ul
pu S (('1;7—*‘7_,‘)4-91’ Y ("p’-f".)—
o[/, - ( o
oy I:(k+p0pez. —I-U (B+pe) *IJI (B2)

The energy equation (B2) can be rearranged to
read

_d L W\, — D i
P ((’,,(—}—%-)—{—p?' = <c,,r+%

> .
Oz/[l’ Fhengy (el S pe) 7'( ﬂ (B3

For Pr=a=1, equation (B3) becomes

O ((,,H— +pe b ((,,i—l— >

—ail FHa o (7 +y )] me

oyt OJ/("’ 2 )
If equations (B1) and (B4) are each solved for
pi and the results equated, there is obtained

0 Ou — ou
oy ' c)u:l_ oy
on
or

2l ivse 2 (eq+ D) |mm 2 (e 2
_oul e pE)O],(‘I"+._) :l po b}/(l"H_?

ao (;"11””%?)

(B5)
The assumption is now made that
e+ = AT B (B6)

30

9 FOR Pr—a=1

w

The expression given by equation (B6) for

c,,?-}-% is substituted into the right side of equa-

tion (B5). Since the right side becomes identical
with the left side upon this substitution, equation
(B6) is & valid relation.

The constants A and B in equation (B6) are
evaluated as follows: At y=0,

U=0, t=t,, B=c,t,

—0u
M a_y_"rw; —k —

With the constants thus evaluated, equation (B6)
becomes (dropping the bars for convenience)
u?

Cpt—*—i:"‘

;’J ut-ept (B7)

If equaion (B7) is made dimensionless, it becomes
simply

ur="7"+ (B8)

Previovsly obtained relations for r/r, and ¢/q,
are

T (e e )dzﬁ .
Tw <:uw+pu P‘u/Pw d,/+ ())
_e 4

(]u I\ I’xr Pw /"u'/pu‘ d]/+

0% s (,”. P € du* 6
Bu ,uu~+pu ﬂw/Pw d’/ ())

H use 15 made of equations (B8), (10), and (26)
and the fact that Pr=a=1, the resulting equation
can be educed to

(BY)



APPENDIX C

VELOCITY AND TEMPERATURE PROFILES FOR CONSTANT RATIO OF TURBULENT TO MOLECULAR
SHEAR STRESS AT y; AND WITH MOLECULAR SHEAR STRESS AND HEAT TRANSFER INCLUDED
IN REGION AWAY FROM WALL (Pr=1)

The equation for velocity profile used near the
wall is equation (16), where 1 —af*’ =1—au™* for
Pr=1 and =0 (sec cqs. (B8), (26), and defini-
tions of ¢ and ).

Previously, the expression for 7/7, was shown
Lo be

r wpdut p e dut

— 35 (%)

Tw*l"w dy+ Pw /J-w/Pw (17/1

and far from the wall (eq. (8)),

“dut\?
. ()

pulpe d%zéi)”
(({y-f—z

Combining equations (5) and (8) and assuming
constant shear stress across the boundary layer

give
<d'u+‘)3
v, o p \dy* dut

T, (11) dy

dy”

(ChH

The variations of density and viscosity with

temperature are
n t 0.68
H’w (fu'
t

b

(€2)

¥or Pr=a=1 and 8==0, the temperature ratio is
expressed as

(C3)

t
Ezl——au‘”

Substitution of equations (('2) and (C'3) into (C1)

yields
)
x? dyt/ [dut

1—aut? (d?;ﬂ :)*2 dyt
dy=2

1=| (1—au®?)*"4 (C4)

Solving for d2u*/dyt? gives

(e
i (d Yt .

d2ut )
dyt . e LT ()
! o o oes du™
J(l aut?) I:l (1—aut?) (1!/+j|

If a change in variables is made as

dut
Tdy T

equation (('5) can be integrated to give

flﬁ xdut
P TS T SR
p=1,0 uy v aut?) 1= (1—ant2)b.onp]

The solutions for «t as a function of y* can be
obtained by a process of iteration. Assumed
values of » for a given increment in u* are sub-
stituted into the right side of equation (C6) until
it equals the left side. The relation between w®
and y* is then caleulated from

fut dut
y““:J .

0 (

(Co)

(€7

From equation (B8), u*=T" for ¢/q,=7/7., so that
the relation between T+ and y* is also known.
31



APPENDIX D

VELOCITY PROFILES FOR LINEAR VARIATION OF SHEAR STRESS AND ENERGY TRANSFER
ACROSS BOUNDARY LAYER (Pr=1)

Because the variation of shear in the thin region
near the wall is negligible, the same equations are
used in the present case as were used in appendix
C.

From equation (5), the equation for 7/r, far
from the wall, neglecting the viscous stress, is

TP e dut
Tw Pobu/Pody™
The expression for ¢/(u,/p,) far from the wall is,
from equation (8),
. du+ 3
e " dﬁ)

f‘w/pw_ d2u +)2

d:y“’

For a linear variation in shear stress,

For 8=0, Pr=a=1 (r/17w=¢/0.),

—=1—aut?=L" (D3)
ty 4

Substituting equation (D3) into (D2), rearrang-
ing, and taking the square root of both sides give

du+ 2
d2ut . —x _W)

dut2 ¥ " 1
dy™ 1 qute

(D4)

Letting e=du*/dy* in equation (D4) and inte-

grating give
. ‘ut dut
P

+
T Y u

L= (D1) L oyl—aub2y ' .

T 8t r=nme \ et ot Jut ¢ (1)5)
Combining the foregoing equations yields . ) ) )
Equation (D5) can be solved by iteration for 8=0
+ 4 . . .
2 du ) and a given « and &%, to give ut as a function of
___?/jz_li_, dy™ (D2) yt. Frem equation (B8), =T+ for G e 7700,
&t pu (fii?l*)z so that the relation between 7% and %" is also
dy*: known,
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